Recently, signatures of nonlinear Hall effects induced by Berry curvature dipoles have been found in atomically thin 1T d -WTe2. In this work, we show that in strained polar transition-metal dichalcogenides(TMDs) with 2H-structures, Berry curvature dipoles created by spin degrees of freedom lead to strong nonlinear Hall effects. Under accessible applied strains, the Berry curvature dipole in electron-doped polar TMDs such as MoSSe is in the order of ∼ 1Å which is easily detectable experimentally. Moreover, the magnitude and sign of the Berry curvature dipole in strained polar TMDs can be easily tuned by electric gating and strain. These properties can be used to distinguish nonlinear Hall effects from other effects such as ratchet effects. Importantly, our system provides a promising scheme for realising electrically switchable energy harvesting rectifiers.
Introduction
The study of Hall effects has been one of the central topics in condensed matter physics [1, 2] . Within the linear response regime, Hall effect arises only when timereversal symmetry is broken [3, 4] . Recently, however, it was proposed by Sodemann and Fu [5] that Hall effects can occur in a wide class of time-reversal-invariant materials with broken spatial inversion symmetry. In such systems, the total Berry flux over the equilibrium distribution is zero due to time-reversal symmetry [1] , while Berry curvatures can emerge locally in the Brillouin zone, with counter-propagting charge carriers having different Berry curvatures. Under an applied electric field, the currentcarrying state maintains an imbalance between counterpropagting movers, which results in nonzero Berry curvature flux under proper symmetry conditions [6] . This leads to anomalous Hall currents which establish a Hall voltage in the steady state. As the electric field plays both roles of driving the system out of equilibrium and inducing anomalous velocities, the Hall current scales quadratically with the voltage bias. This new type of Hall effect is thus referred to as the nonlinear Hall effect(NHE). Due to the nonlinear current response, the NHE can convert oscillating electric fields into DC currents, a process known as rectification, which have important applications for next-generation wireless and energy harvesting devices [7] .
Nonlinear Hall response is characterized by the firstorder moment of Berry curvatures over occupied states, called the Berry curvature dipole [5] . In 2D systems, the Berry curvature dipole transforms as a pseudo-vector, thus the maximum symmetry allowed for a nonzero moment is a single mirror symmetry (mirror plane perpendicular to the 2D plane). Interestingly, atomically thin transition-metal dichalcogenides(TMDs) with 1-T d structure, such as MoTe 2 and WTe 2 , respect a single inplane mirror symmetry [8] , and nonzero Berry curvature dipoles are proposed to exist in these materials [9, 10] . Remarkably, two recent experiments have independently observed signatures of Hall effects in bilayer [11] and multilayer 1T d -WTe 2 [12] in the absence of magnetic fields. Importantly, a quadratic scaling relation was found between the transverse voltage and the applied source-drain bias. While the observations are consistent with NHEs induced by Berry curvature dipoles, due to the relatively weak gate-dependence of Berry curvature dipoles in 1T dWTe 2 [11] , it remains experimentally challenging to directly rule out alternative trivial interpretations such as electron ratchet effects [12, 13] .
Besides 1T d -TMDs, it is known that 2H-TMDs also possess nontrivial Berry curvatures due to intrinsically broken inversion in orbital degrees of freedom [14, 15] . However, the three-fold(C 3 ) symmetry in 2H-TMDs forces the Berry curvature dipole to vanish [5] . Under applied strains that break the C 3 -symmetry, non-zero Berry curvature dipoles can arise in 2H-TMDs [5, 6, 9] . Unfortunately, the dipole moment in strained conventional 2H-TMDs is shown to be weak (∼ 0.01Å) [5, 9] , mainly due to the weak Berry curvatures generated by the huge Dirac mass (∼ 1 eV) in the orbital degrees of freedom [14] .
Lately, it was proposed that in gated [16] or polar 2H-TMDs [17, 18] , combined effects of Rashba and Ising spinorbit couplings(SOCs) result in a new type of Berry curvature in spin degrees of freedom [19, 20] . Importantly, in 2H-TMDs the novel SOC-induced effect was found to be strong, which dominates over the conventional orbital effect and significantly changes the Berry curvatures in 2H-TMDs. However, the role of this SOC-induced Berry curvatures in creating nonlinear Hall effects in 2H-TMDs remains unknown.
In this work, we show that the large Berry curvatures from spin degrees of freedom can create sizeable Berry curvature dipoles in moly-based polar 2H-TMDs (Fig.1 ) such as MoSSe [21, 22] , which leads to strong NHEs. With weak uniaxial strains and easily accessible regime of carrier density, the Berry curvature dipole in polar TMDs can be as strong as ∼ 1Å (Fig.2(c) ), comparable to the optimal values obtained experimentally in 1T dWTe 2 [11, 12] . Importantly, within a narrow Fermi level range ∼ 10 meVs, the magnitude and sign of the Berry curvature dipole in strained polar TMDs can change dramatically( Fig.2(c) ). Therefore, NHEs in strained polar TMDs exhibit a much stronger gate-dependence than 1T d -WTe 2 [11] , which can be easily detected in Hall measurements. We point out that this strong gate-sensitivity of NHEs in strained polar TMDs provides a promising scheme for realising electrically switchable rectifiers for wireless and energy harvesting devices. The highly tunable NHE in strained polar TMDs also serves as a distinctive and accessible experimental signature of Berry curvature dipoles, which distinguishes itself from nonlinear effects due to trivial physical mechanisms.
Results

Effective model Hamiltonian of strained MoSSe
Throughout this work, we consider MoSSe as a specific example of polar TMDs, which has been successfully fabricated in recent experiments [21, 22] . However, our prediction generally applies to the whole class of moly-based polar TMDs MoXY, (X = Y) [17, 18] .
To distinguish the two types of Berry curvatures in 2H-TMDs originating from orbital/spin degrees of freedom, we use the notations Ω orb /Ω spin to denote the conventional Berry curvatures/the SOC-induced Berry curvatures.
To describe the essential mechanism behind the emergence of Berry curvature dipole, we first construct an effective Hamiltonian for n-type(electron-doped) strained polar TMDs. The crystal structure of a generic polar TMD is almost the same as a usual 2H-TMD except that the triangularly arranged transition-metal(M) atoms are sandwiched by two different layers of chalcogen atoms [17, 18, 21, 22] . Thus, the out-of-plane mirror symmetry (mirror plane parallel to the 2D plane of Matoms), which is generally respected by usual 2H-TMDs, is intrinsically broken. The resultant symmetry group of MoSSe is the product group of the C 3v point group and time-reversal symmetry T .
Near the conduction band minimum(CBM) at the Kpoints, electrons in polar TMDs originate predominantly from the d z 2 -orbitals of the M-atoms [23] . Under the basis formed by spins of d z 2 -electrons, the unstrained effective Hamiltonian of MoSSe can be written as [19, 20, 24] :
Here, σ i , i = 0, x, y, z denotes the usual Pauli matrices acting on the spin degrees of freedom. ξ k = |k| 2 2m * − µ denotes the kinetic energy term, m * is the effective mass of the electron band, µ is the chemical potential, = ± is the valley index.
The β so (k)-term refers to the Ising SOC which originates from the atomic spin-orbit coupling as well as the breaking of an in-plane mirror symmetry [25] [26] [27] [28] . In previous studies on 2H-TMDs, the Ising SOC was usually treated as a constant near the K-points [19, 20, 24] . However, in realistic band structures of conventional molybased 2H-TMDs, spin-up and spin-down bands cross at finite momentum k 0 (left panel of Fig.1(a) ) [23] . This indicates a sign change in the Ising SOC term at the crossing, which can be accounted by quadratic corrections in k: β so (k) = β 0 + β 1 k 2 , with sgn(β 0 )sgn(β 1 ) < 0. The crossing for spin-up and spin-down bands occurs at k 0 = ± −β 0 /β 1 . The α so -term is known as the Rashba SOC [29] , which arises in MoSSe due to intrinsically broken out-of-plane mirror symmetry.
Interestingly, per each K-valley the coexistence of Ising and Rashba SOCs results in a modified massive Dirac
which is reminiscient of the well-known BHZ model for a 2D topological insulator [30] 
2 )] except that the kinetic ξ k -term bends the electron bands up, with two non-degenerate spin-subbands( Fig.1(a) ). The energy spectra for the upper/lower spin subbands are given by:
The Berry curvatures of the two subbands are given by [31, 32] :
Note that the nontrivial Ω spin,± (k) requires the presence of both Ising and Rashba SOCs. In the absence of Rashba SOCs, the upper and lower subbands consist of decoupled spin-up and spin-down states and no Ω spin can be generated (left panel of Fig.1(a) ). In moly-based polar TMDs, the Rashba SOC hybridizes the spin-up and spin-down bands and causes an anti-crossing within the spin subbands (middle panel of Fig.1(a) ). In particular, hot spots of Ω spin emerge in the vicinity of the crossing points k 0 , with their signs being opposite in upper and lower subbands. Given realistic parameters, Ω spin near its hot spots has a magnitude |Ω spin | 100Å 2 [34] .
Despite the large Ω spin , the Berry curvature dipole remains zero in unstrained MoSSe due to the threefold(C 3 ) symmetry [5] . Physically, the Berry curvature dipole measures the gain in total Berry curvature flux in the current-carrying state [6] . When C 3 -symmetry is present, the Berry flux from left-movers is always equal to that from right-movers on the Fermi surface (middle panel of Fig.1(a) ). Thus, the imbalance between leftmovers and right-movers established by a source-drain bias leads to no gain in total Berry flux up to the lowest order correction.
To break the C 3 -symmetry, one feasible way is to introduce uniaxial strains [5, 6, 9] . Following the scheme developed in the recent work [33] , effects of strains in 2D TMDs can be modelled by classifying the strain-field tensor ← → u ij = (∂ i u j + ∂ j u i )/2, (i, j = x, y) according to the irreducible representations of the C 3v point group of polar TMDs. In total, ← → u has three effective independent components: (i) the trace scalar u 0 ≡ (u xx + u yy ); and (ii) the doublet {u 1 , u 2 } ≡ {2u xy , u xx − u yy } that transforms as a polar vector. Details of the symmetry properties of u 0 , u 1 , u 2 are presented in the Supplementary Materials [34] .
To capture the essential physics, we consider strain effects on spin-independent terms only, which has no contributions to Berry curvatures. This approximation is based on the observation that the coupling strength between the spin-independent terms and strain-field ← → u have an energy scale ∼ 1 eV [33, 34] , which is far greater than spin-orbit couplings on the scale of a few to tens of meVs. Up to linear order terms in k, the effective strained Hamiltonian compatible with the C 3v ⊗ T symmetry group is given by [34] :
where H ef f is the total effective Hamiltonian, and γ, δ are effective strained parameters. Considering uniaxial strains in the x-direction: u xx = 0 and u xy = u yy = 0, the strained energy spectra are given by:
Clearly, the δ-term breaks the C 3 -symmetry by shifting the band minimum along the k x direction [5] . As a result, the two pairs of Berry (c) curvature hot spots associated with the left-movers and right-movers are energetically separated( Fig.1(a) , right panel). For Fermi level close to one of these separated hot spots, the system acquires nonzero Berry curvature flux as the applied bias creates an imbalance between left-movers and right-movers( Fig.1(b) ). In other words, a nonzero Berry curvature dipole D is created by the uniaxial strain, which gives rise to nonlinear Hall current responses. Experimentally, the second-order Hall response is signified by the generation of a second-harmonic current component J 2ω [11, 12] (Fig.1(b) ).
Large and gate-tunable Berry curvature dipoles in strained MoSSe
Having established how Ω spin combines with uniaxial strains to create Berry curvature dipoles, we now go beyond the effective two band model and study the nonlinear Hall effect in strained MoSSe under realistic situations. Using a six-orbital tight-binding model for strained TMDs [23, 33] , we take both Ω spin and Ω orb into account and study the Berry curvature as well as its dipole moment in electron-doped strained MoSSe. As we are about to show, the dominance of Ω spin over Ω orb , together with uniaxial strains, leads to strong and highly gate-tunable nonlinear Hall effects in strained MoSSe. Details of the tight-binding Hamiltonian are presented in the Method section.
As we discussed in the last section, the Berry curvature dipole measures the lowest-order correction in total Berry curvature flux in the non-equilibrium state. This physical meaning is revealed by its formal expression [5, 11] :
Here, D α denotes the α-component of the Berry curvature dipole D, with α = x, y. f n , Ω n refers to the equilibrium Fermi distribution and the Berry curvature of a band indexed by n, respectively. v n,α = ∂E n /∂k α is the band velocity and δ
mimics a delta-function with its maximum value δ max F = 1/4k B T centered at E F . In general, the Berry curvature dipole in a polar TMD has contributions from both K and −K valleys. Due to time-reversal symmetry, v n,α (k
. Thus, contributions from the two K valleys are equal, which allows us to consider the +K-valley only for the simplicity of our following discussions.
As explained previously, Berry curvature dipoles vanish in MoSSe in the absence of strains. Since the Berry curvature dipole is a Fermi liquid property [5] , this symmetry property can be explicitly revealed by the Berry curvature profile on the Fermi surface contour of an unstrained MoSSe. Without loss of generality, we consider E F lying slgihtly above the Berry curvature hot spot in the upper band (in-set of Fig.2(a) ). Apparently, due to the C 3 -symmetry, Berry curvatures of three-foldrelated momentum states {k, C 3 k, C 2 3 k} must satisfy: Fig.2(a) ), and their band velocities (indicated by arrows in Fig.2(a) ) sum to zero:
k) = 0. These symmetry constraints force contributions from left-movers and right-movers to cancel each other, leading to vanishing dipole moments in Eq.4.
However, due to the dominance of Ω spin over Ω orb , the total Berry curvatures in both upper and lower subbands exhibit similar nonuniform profiles in momentum space, with hot spots emerging near the anti-crossing points (shown schematically in the in-set of Fig.2(a) ).
Importantly, the total Berry curvatures in the upper and lower subbands have opposite signs [19] (indicated by the red/blue colors in the in-sets of Fig.2(a)-(b) ). While this generally leads to partial cancellation within the two subbands, it is important to note that for Fermi level located slightly above(below) the anti-crossing points, the Fermi momentum of the upper(lower) subband is closer to the hot spots, thus its Berry curvature contribution dominates over the other subband at the Fermi energy, leading to a large net Berry flux per each K-valley on the Fermi surface contour. For instance, for Fermi level slightly above the band anti-crossing, the upper subband dominates, with the overall sign of the Berry curvature being positive around K (Fig.2(a) ).
Under uniaxial strains, the anti-crossings associated with the left-movers and right-movers are energetically separated. Thus, for Fermi levels located slighly above or below one of the separated anti-crossing points, there generally exists a huge difference between Berry curvature contributions from left-movers and right-movers. To be specific, we plot the Berry curvature profile on the Fermi surface contour of strained MoSSe under u xx = 4%, with E F lying slightly higher than the anticrossing point associated with the right-movers (in-set of Fig.2(b) ). Apparently, contributions from the rightmovers far exceed those from left-movers, with the overall sign being positive due to the dominance of the upper band ( Fig.2(b) ). In this case, the system gains a large amount of Berry flux as the left-movers are pumped by the voltage bias to the right or vice versa, which signifies a large Berry curvature dipole.
Moreover, since the upper/lower subband dominates for Fermi levels above/below the anti-crossing, the net Berry curvature on the Fermi surface changes sign as the Fermi level is gated across these anti-crossing points, indicating a sign switch in the Berry curvature dipole (Eq.4). The Berry curvature dipole D x as a function of E F under u xx = 4% is plotted in Fig.2(c) . At the band minimum(indicated by green dashed line in Fig.2(c) ), the Berry curvature dipole is zero due to the vanishing band velocity. As E F increases, the anti-crossing associated with the left-movers is first accessed. Evidently, D x changes from positive to negative values as E F goes across the anti-crossing. This gives rise to a peak followed by a dip as shown in the D x − E F curve (E F in the range 1.44 ∼ 1.46 eV in Fig.2(c)) . By further raising the Fermi level, one reaches the anticrossing associated with the right-movers. However, since the band velocities of right-movers and left-movers are opposite to each other, D x changes sign in an opposite manner according to Eq.4, i.e., from negative to positive values as E F sweeps across the anti-crossing. This leads to a dip followed by a peak in the D x − E F curve (E F in the range 1.46 ∼ 1.48 eV in Fig.2(c) ).
As the Berry curvature dipole characterizes the nonlinear Hall response, the nonlinear Hall current in MoSSe will also switch its sign upon gating the Fermi level across the anti-crossing, which corresponds to a narrow Fermi level range ∆E F ∼ 10 meV (Fig.2(d) ) that can be easily tuned by moderate gating. This strong gate-sensitivity of nonlinear Hall effects in strained moly-based polar TMDs thus provides a promising scheme for gate-tunable Hall devices.
In particular, one of the important applications of NHEs is to realize next-generation energy harvestors of high-frequency electromagentic fields via rectification, i.e., conversion of oscillating fields to DC currents [7] . Here, we point out that the highly tunable NHE in strained polar TMDs can be used to create novel switchable rectifiers in which both the amplitude and direction of rectified currents are simply controlled by electric gates.
To be specific, consider a strained MoSSe with coordinates defined in Fig.2(d) , under an AC electric field with frequency ω: E ω = E x (ω)x, the Berry curvature dipole in the x-direction generates nonlinear Hall current J N H in the y-direction. Apart from the second-harmonic component as demonstrated in recent experiments [11, 12] , J N H is partially rectified due to nonlinearity in E ω , with the DC current component j
Here, E x is related to E x (ω) by E x (ω) = Re{E x e iωt }, and χ yxx is the nonlinear response function given by [5] :
where τ is the relaxation time. It is clear from Eq.5 that the rectified current is proportional to D x , which suggests that a moderate gate voltage can easily tune the amplitude and direction of the rectified current j 0 y in a similar manner as shown in the D x − E F curve in Fig.2(c) .
Evolution of Berry curvature dipoles in MoSSe under uniaxial strains
Last but not least, we demonstrate how the strong gate-dependence of the NHEs in MoSSe evolves under different strengths of uniaxial strain. As we explained above, the essential role of strain in creating Berry curvature dipoles is to separate the band anti-crossings associated with left-movers and right-movers in energy. Thus, if a stronger uniaxial strain is applied, the anti-crossings associated with left-movers and right-movers will be further separated. On the contrary, for a weaker uniaxial strain, the anti-crossings associated with left-movers and right-movers become energetically close to each other.
The D x -E F curves under different uniaxial strains u xx = 2%, 4%, 6% are plotted in Fig.3(a)-(c) , with black double arrows in the in-sets measuring the energy separation between the lowest and highest Berry curvature hot spots. As we discussed above, the anti-crossings associated with the left-movers/right-movers are signified by the peak-to-dip/dip-to-peak behaviors in the D x -E F curve. Clearly, at a relatively weak strain u xx = 2%, the anti-crossings are close in energy (energy spacing indicated by black double arrows). Interestingly, the dip in total D x gets enhanced where the merging happens ( Fig.3(a) ). This is due to the fact that the two dips originate from the left-movers in the upper band and the right-movers in the lower band, respectively. Since both of their band velocities and Berry curvatures are opposite to each other, their contributions to D x add up as they merge together(Eq.4). On the other hand, at a relatively strong strain u xx = 6%, the peak-to-dip and dip-to-peak in the D x -E F curve are well separated from each other. These special evolutionary behaviors of D x − E F curves under strains provides yet another unique signature for the gate-tunable nonlinear Hall effect in MoSSe.
Discussion
Here, we discuss several important points on nonlinear Hall effects(NHEs) in strained polar TMDs.
First of all, NHEs in strained polar TMDs generally have a much stronger gate-dependence than 1T d -WTe 2 . It is important to note that strong gate-dependence of NHEs not only provides a practical way to realize gatetunable Hall devices, but also serves as a distinctive signature of the nontrivial Berry phase origin. In particular, a gate-sensitive nonlinear Hall signal due to Berry curvature dipoles can distinguish itself from trivial mechanisms, such as ratchet effects [5, 12, 13] , that are much less sensitive to gating.
In the recent experiment on bilayer 1T d -WTe 2 , the sign of the Berry curvature dipole D x is generally fixed in the neighborhood of the charge neutrality point near the band edges [11] . To switch the sign of D x , one generally needs to gate the Fermi level to at least 50 − 100 meVs away from the band edges, which requires a rather strong gating field. Furthermore, without a dual-gate setup, such a strong gating field inevitably introduces outof-plane displacement fields that cause complications in band structures as well as Berry curvature effects [11] . To unamiguously identify the Berry phase origin of nonlinear Hall effects in 1T d -WTe 2 , a dual-gate set-up is necessary to control the carrier density and the displacement field independently.
In contrast, the Berry curvature dipole in strained polar TMDs can switch its sign dramatically within a narrow Fermi level range ∆E F ∼ 10 − 20 meVs. This range can be easily achieved by a moderate gating, which has been accessed in previous gating experiments on normal 2H-TMDs [35] . Moreover, the strong gate-dependence of D x in strained polar TMDs occur for Fermi level ∼ 20 meV measured from the conduction band edge. This corresponds to a relatively low carrier density regime (n 2D ∼ 1 × 10 12 cm −2 ), which has also been readily accessed by weak gating [35, 36] without introducing significant displacement field. Thus, a dual-gate set-up is not necessary for detecting the gate-dependence of D x in strained polar TMDs, and we expect the gate-tunable NHEs in strained polar TMDs to be much more easily observed experimentally comparing to 1T d -WTe 2 .
Second, the strong gate-tunability of Berry curvature dipole predicted in this work originates from the intrinsic band anti-crossings caused by Ising and Rashba SOCs in moly-based polar TMDs. It does not require any further experimental design apart from strains. Also, as long as the C 3 -symmetry is broken, details of the strain configuration do not affect our prediction qualitatively. We further point out that for any strain configuration satisfying u xy = 0 and u xx = u yy , the in-plane mirror symmetry x → −x is preserved in strained MoSSe, with its point group being identical to bilayer/multilayer 1T dWTe 2 [8, 11] . Thus, the Berry curvature dipole has only a nonzero x-component D x , which is perpendicular to the mirror plane. In this case, nonlinear Hall effects can be observed as long as the applied electric field deviates from the mirror-invariant y-axis, as demonstrated in the recent experiment on multilayer 1T d -WTe 2 by Kang et al. [12] .
Third, it is shown previously that Ω spin also arises in tungsten(W)-based TMDs [19] . However, due to the absence of band anti-crossings driven by SOCs in Wbased materials, the Berry curvature has a much less nonuniform profile as compared to moly-based case, and the nonlinear Hall effect in W-based polar TMDs is much weaker. Detailed discussions on W-based polar TMDs are presented in the Supplementary Materials [34] .
Finally, for p-type polar TMDs, the effect of Ω spin is almost negligible near the K-points due to the strong Ising SOC ∼ 100 meVs in the valence band [23] , and the total Berry curvature is dominated by the conventional Ω orb [19] . Thus, for hole-doped polar TMDs, one expects the Berry curvature dipole to be very weak, similar to the case in conventional 2H-TMDs as studied in previous works [5, 9] .
Methods: Tight-binding Hamiltonian
In the spinful Bloch basis of {|d z 2 , |d xy , |, d x 2 −y 2 }, the unstrained tight-binding Hamiltonian for a monolayer polar TMD is given by [23] : refer to the spin-independent term and the atomic spinorbit coupling term, respectively. µ is the chemical potential, and I 6×6 is the 6×6 identity matrix. The Rashba SOC term is given by
And the Ising SOC in the conduction band is given by
For a given strain configuration defined by the strainfield tensor ← → u , the on-site linear coupling to ← → u under the basis {|d z 2 , |d xy , |, d x 2 −y 2 } is given by [33] : where u 0 , u 1 , u 2 are defined in the same way as in Section II. The strained Hamiltonian in momentum-space can be written as: (12) where h 0 ( ← → u ), h 1 (k, ← → u ) stand for the strained on-site and nearest-neighbor terms, repectively. Here, h 1 (k, ← → u ) is obtained by a modified Fourier transform:
whereĝ ∈ C 3v , U (ĝ) denotes the 3×3 matrix representation ofĝ under the basis of local Wannier orbitals of {|d z 2 , |d xy , |, d x 2 −y 2 }. ← → u denotes the transformed strain-field underĝ −1 . The total tight-binding Hamiltonian reads:
Using the velocity operators, energy eigenvalues and eigenstates derived from H TB (k), the Berry curvatures of strained polar TMDs are calculated numerically by the standard gauge-invariant formula in Refs. [1] . Details of the matrix elements above can be found in the Supplementary Materials [34] .
